ISSN 1472-2739 (on-line) 1472-2747 (printed) 

Algebraic & Qeometric Topology 
Volume 5 (2005) 1555-1572 
Published: 23 November 2005 



1555 

aIg 



The space of intervals in a Euclidean space 

Shingo Okuyama 

Abstract For a path-connected space X, a well-known theorem of Segal, 
May and Milgram asserts that the configuration space of finite points in 
R" with labels in X is weakly homotopy equivalent to ri"E"X. In this 
paper, we introduce a space In{X) of intervals suitably topologized in R" 
with labels in a space X and show that it is weakly homotopy equivalent 
to without the assumption on path-connectivity. 
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1 Introduction 

G.Segal |H1 introduced the configuration space C(M",X) of finite number of 
points in with labels in a space X and showed that C{W^,X) is weakly 
homotopy equivalent to il^S^X if X is path-connected. When X is not path- 
connected, it follows from Segal's result that Vf^YT^X is a group-completion 
of C{W,X), i.e. that i7*(C(R", X); /c)[7r-i] is isomorphic to /c) 
for any field k, where [vr~^] denotes the localization of the Pontrjagin ring 
H^{C{W,X);k) with respect to a sub-monoid vr = 7ro(C(M", X)) . (This was 
also shown independently by F.Cohen |2j.) On the other hand, in [0], D.McDuff 
considered the space C^{M) of positive and negative particles in a manifold 
M and showed that it is weakly equivalent to some space of vector fields on 
M . The topology of (M) is given so that two particles cannot collide if they 
have the same parity, but they can collide and annihilate if they are oppositely 
charged. When M = R", we can think of C^(M") as a -ff-space obtained by 
adjoining homotopy inverses to C(M"',5^). Since adjoining homotopy inverses 
to a ff-space is a sort of group completion, one might hope that C^iW^) is 
weakly equivalent to J7"E"5° = f^"S"^, but in fact, C±(M") ~^„ Jl"(S'"xS'"/A), 
where A is the diagonal subspace [O]. The aim of this paper is to construct 
a configuration space model which is a group-completion of C(M"',X), thus is 
weakly homotopy equivalent to for any X. 
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Caruso and Waner ^ constructed such a group-completion model based on the 
space of little cubes jH]. They constructed the space of "signed cubes merged 
along the first coordinate" and showed that it approximates fi'^S^X without 
the assumption on path-connectivity of X. In this paper, we introduce a space 
of intervals suitably topologized in M" and show that it gives another 
model for the group-completion. Our construction is, in some sense, a direct 
generalization of C(M"',X) and simpler than the Caruso- Waner model. More 
precisely, In{X) is the space of intervals ordered along parallel axes in R" with 
labels m. X . In this space the topology is such that "cutting and pasting" and 
"birth and death" of intervals are allowed; i.e. cutting and pasting means that 
an interval with an open end and another interval with a closed end can be 
attached at those ends to constitute one interval if they have the same label 
in X\ birth and death means that any half-open interval can vanish when its 
length tends to zero. 

Now we can state our main theorem as follows: 

Theorem 1.1 There is a weak homotopy equivalence In{X) Q^"-Y7^X . 

As contrasted with particles, intervals have two obvious features: firstly, they 
are stretched in a direction, thus have a length; secondly, any interval can be 
supposed to have a charge (p, (7) where p (resp. q) is or —1 depending on 
whether the interval contains or not contains the left (resp. right) endpoint. The 
former feature results in the gradual interaction of our objects. For example, a 
possible process of annihilation of a closed and an open interval is that: firstly, 
they are attached into one half-open interval and then its length decreases and 
finally it vanishes — i.e. they gradually annihilate. The latter feature of the 
interval plays an important role when we construct an analogue of the electric 
field map |H] from a"thickened version" of In{X) into Q.C{W^~^,X). The main 
step of our proof of Theorem 11.11 is first deforming In{X) into this thickened 
but equivalent version, then constructing the map in question and showing it 
is a weak equivalence using quasifibration techniques. We then conclude using 
Segal's classical result as applied to SX which is now path-connected. 

This paper can be considered as a first step of a larger project proposed by 
K.Shimakawa. His idea is to use manifolds in G-vector spaces to approximate 
Qy°°Ty°° X equivariantly, where G is a compact Lie group and V°° is an 
orthogonal G-vector space which contains all the irreducible G-representations 
infinitely many times as direct summands. 

In §2, we settle the notation for the configuration space with labels in a partial 
abelian monoid and observe some of its properties. The definition of IniX) is 
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given in §3. In the same section, we construct modifications of In{X) which 
is needed to prove Theorem 11.11 In §4, we construct a map a: In{X) — > 
rJC(M"~^,SX) and state Proposition 14.21 which is the key to prove Theorem 
11.11 A proof of Theorem 11.11 is given in the same section. We give a proof of 
Proposition 14.21 in §5. Throughout the paper, X is assumed to be a space with 
non-degenerate base point * . 

The author is indebted to K.Shimakawa for many helpful suggestions. He is 
also grateful to the referee for many valuable comments. 



2 Configuration space and partial abelian monoid 



The notion of the configuration space with summable labels appear in several 
papers [7j , [1] , |H] ■ In this section, we introduce one form of such notion adapted 
to the purpose of this paper. Remark that our definition of partial abelian 
monoid is a special case of that given in [H], of which we shall call 'two-generated' 
partial abelian monoid. 

Definition 2.1 A partial abelian monoid (PAM for short) is a space M 
equipped with a subspace M2 C M x M and a map /x: M2 — > M such that 

(1) MVMCM2, ^(a,*Af)=^(*Af,a) = a, 

(2) (a, 6) G M2 (6, a) G M2, /i(a, h) = fj,{b, a) , and 

(3) {fi{a, 6), c) G M2 (a, c)) G M2,n{fi{a, b),c) = fi{a, c)) . 

We write fi{a,b) = a + b. An element in M2 is called a summable pair. Let 
Mfc denote the subspace of which consists of those A; -tuples {ai, . . . ,ak) 
such that ai + ■ • • + Ofc is defined. A map between PAMs are called a PAM 
homomorphism if it sends summable pairs to summable pairs and preserves the 
sum. 



Definition 2.2 Let zlt\M) denote the subspace of (M" x M)^ given by: 



ZW(M) = { {{vi,a^),...,{vk,ak)) 



for any ii, . . . ,ir such that 



(oj,, . . . ,aij G Mr 



Then we define a space C(M",M) as C(R",M) = {Uk>o ^n\M))/ ~, where 
~ denotes the least equivalence relation which satisfies (R1)'^(R3) below. 
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(Rl) If tti = *M then 

{{vi,ai), {vk,ak)) ~ {{vi,ai), {vi,ai), {vk,ak)). 
(R2) For any permutation cr € , 

{{vi,ai), . . . , {vk,ak)) ~ ((u<^-i(i),a<^-i(i)),. . . , (w<x-i(fc), a<^-i(fc))). 
(R3) If vi = V2 = V , 

{{vi,ai), . . . ,{vk,ak)) ~ + 02), (^'s, 03), • • • , (^^fc, Ofc))- 

We regard C(M",M) as a PAM as follows. Let C(M'",M)2 C C(M",M)2 
denote the subspace which consists of pairs rj) which have representatives 
{{vi, ai), . . . , {vk,ak)) and {{vi, 61), ... , {vk, bk)) such that Vi 's are distinct and 
{ai,hi) € M2 for every i. (Note that some of a^'s or 6j's may be zero.) 
Then fi: C(M",M)2 ^ C(M",M) is defined by setting ;u(^,r?) = [(t;i,ai + 
61), . . . , {vki ttk + • Note that C(M", — ) is a self-functor on the category of 
partial abelian monoids. 

Example 2.3 Any space X is regarded as a PAM by setting X2 = X V X . 
Then C(W\X) is nothing but the configuration space of finite points in R*^ 
labelled by X. 

Example 2.4 Let M = {—1,0,1} with 1 + (—1) = as the only non-trivial 
partial sum. Then C(M",M) is homeomorphic to C^(M"), the configuration 
space of positive and negative particles in M", given in 6 . Furthermore, we 
give X AM a PAM structure by setting {X A M)2 = {{x, a; x, b) \ (o, b) € M2} 
and (x, a) + (x, b) = {x,a + b). Then C(M""\ X A M) is the labelled version 
of C^{W) p. 

Lemma I2. 51 below states that the functor C(M",— ) preserves homotopies. Ho- 
motopy in the category of PAMs is defined as follows: Let M be a PAM. We 
regard M x / as a PAM by setting 

(M X 1)2 = {{m,t;n,t) \ (m,n) G M2} 
and iJ,Mxi{m,t;n,t) = {fiM{m,n),t). 

Homomorphisms f,g: M ^ N between PAMs are called homotopic via PAM 
homomorphisms if there exists a homomorphism H : M x I ^ N such that 
Ho = f,Hi=g. 

Lemma 2.5 If f,g: M ^ N are homotopic via PAM homomorphisms then 
C(M", /) and C(R",(7) are homotopic via PAM homomorphisms. 
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Proof Let H : Mxl— s-A^bea homotopy between / and g. Observe that 
we have a homomorphism C(M", M) x / — > C(R", M x /) by setting 

{[{vi,ai), . . . , {vk,ak)],t) ^ [{vi, (ai,t)), . . . , (vk, (afc,t))]. 

Then this map followed by C(M",ff) is a homotopy between C(M",/) and 
C{W^,g) via PAM homomorphisms. □ 

Recall that the Moore loop space on a space X is defined by 

n{x) = Us>onsix) X {s}, 

where = {/ : [0,s]^X \ /(O) = l{s) = *} 

is the space of loops of length s. Recall also that Q{X) is topologized as the 
subspace of Map([0, oo), X) x [0,oo). Let M be a PAM. We give ^siM) a 
PAM structure by setting 

{Qs{M))2 = {ih,l2) I (hit), hit)) G M2 for all t G [0,s]} 

and {h + l2){t) = h{t) +l2{t) eflsiM), te[0,s]. 

It is clear that fi^ is a self- functor on the category of PAMs. We have a map 
C(M",ri^(M)) ^ JlsC(M",M) defined by 

[{vi,li),...,{vk,lk)] ^ {t^ [{vi,h{t)), . . . ,{vk,lk{t))]), 

which will be used in the construction of the map a: In{X) — > r2C(M"'^"'^, YjX) 
in fgl 



3 The space of intervals in 

Let Z denote the subspace of x {±1}^ consisting of all quadruples {u, v,p, q) 
such that u < V if p = q and u < v if p ^ q. When u < v, J = {u, v,p, q) (z I 
can be identified with an interval in R whose endpoints are u and v. It contains 
(resp. not contains) the left endpoint if p = 1 (resp. p = —1). Similarly, it 
contains (resp. not contains) the right endpoint if q = 1 (resp. q = —1). Thus, 
for example, J = {u, v, —1, 1) with u < v is identified with the half-open interval 
{u,v]. For any J = {u,v,p,q) G X, we put 1{J) = u,r{J) = v,pl{J) = p and 
Pr{J) = Q- If J, K I and r(J) < 1{K) then we write J < K. If, moreover, 
r(J) < 1{K) then we write J < K . 

Let U he a connected subset of M. In applications, U is one of (— s, s) or (0, s) 
for s > or s = 00. Let I{U) denote the subspace of I consisting of those 
J € I such that l{J),r(J) G U . Remark that all the intervals in X = X(]R) are 
bounded. 
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Definition 3.1 We define I(^j^^{X)jj as the subspace of {I{U) x X)^ consisting 
of those fc-tuples (( Ji, . . . , ( J^, x^)) such that 

(1) Jl < J2 < ••• < Jfc, 

(2) Xi-i 7^ Xi implies Jj-i < Jj, and 

(3) PRi-Ji^i) =PL{Ji) implies Ji_i < Jj. 

In other words, Ji,...,Jk are disjoint ordered intervals of U with labels 
xi, . . . ,Xk and Ji-i and J, can have common endpoints only if the labels in X 
coincide and the given endpoints are of the opposite sign. 

Definition 3.2 We define the space of intervals in U to be 

/i(X)c/ = II/(,)(X)c//~, 

fc>0 

where ^ denotes the equivalence relation generated by the relation shown be- 
low. Suppose 

i = ((Ji,xi), . . . , {Jk,Xk)) G I(k){X)u 

and l' = {{Ki,yi), (Kk-i,yk-i)) € I(k-i)iX)u. 

Then ~ t if one of the following holds: 

(1) (cutting and pasting) 

Ji if i < J ( Xi if i < j 

Ki = I JjU Jj+i if i = j yi= I Xj = Xj+i ifi = j 
Ji+i if i > J , [ Xi+i if i > j. 



* or Ji 



Vi 



if i < j 
if i > j, 



and 



(2) (birth and death) 

Ji if i < j 

Ji+i if « > J , t Xi+i 

— — {u,u,p, —p) for some u and p. 

For any l G Ii{X)i/, we have a representative {{Ji,xi), . . . , {Jk,Xk)) such that 
Xj 7^ * for every i and Ji < J2 < • • • < Jfc , which is called the reduced 
representative. 

We regard Ii{X)u as a partial monoid by considering a pair (^,r/) G /i(X)^ is 
summable if ^ and 77 have representatives such that the union of those satisfies 
the conditions (1)~(3) in Definition 13 . 1 1 aft er an appropriate change of the order 
of labelled intervals. The sum is given by the union of such representatives. It 
is clear that the only element in I(^q^{X)u , denoted 0, is the unit for the partial 
sum. 
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Remark Recall from Example ITl that when M = {-1,0, 1}, (7(M", X A M) 
is the configuration space of positive and negative particles in M" labelled by X . 
Remark that Ii{X) can be embedded into C(M,X A M) as a topological space 
in the following manner. Let C"(M, XAM) denote the sub-PAM of C(M, XAM) 
consisting of elements in C{K,X A M) which have a representative 

{{vi,xi A ai), . . . , {v2k:X2k A a2k)) G zf''\x A M) 

such that vi < • • • < V2k and X2i-i = X2i for all i. Then we have a homeomor- 
phism Ii{X) — > C"(M, X A M) defined by the correspondence 

[(Ji,xi), . . . , (Jfc,Xfc)] [(ni,pi,xi), . . . , {uk,Pk,Xk), {vk,qk,Xk)], 

where Jj = {ui,Vi,pi,qi) . We do not have such a relation between /n(X) and 
C(M",X A M) for n > 1; the above homeomorphism does not help us about 
this since it is not a PAM homomorphism. 

Definition 3.3 We define In{X)u = C{W-\ Ii{X)u) . We denote /„(X) = 
In{X)R and In{X)s = In(X)(o,s)- Then In{X) is homeomorphic to In[X)s for 
any s > 0. An element • • • , {vk^^k)] G ^(^) = C(M"-i, can be 

thought of as intervals ordered along the lines parallel to the xi-axis through 
Vi if we view M"^^ as the (x2, • • • hyperplane in M". Thus we call In{X) 
the space of intervals in M". 

To relate In{X) with f2"S"X, we construct an analogue of the electric field 
map in However, there is no direct analogue of the electric field map on 
In{X) and we need a thickening of In{X) . We also need to modify In{X) to get 
a space corresponding to the Moore loop space for the quasifibration argument 
given in Theorem ll.il and the related lemmas. 

Definition 3.4 We say that l E is e-separated if 

(1) i G I{k){^)int(U-U''^^)-> where f/^yg denotes the e/2-neighborhood of the 
complement of U , 

(2) any two ends (of the same or distinct intervals) with the same parity are 
distant by at least e, and 

(3) any two intervals with the distinct labels in X are distant by at least e. 

We then say that ^ G Ii{X)ij is e-separated if it is represented by some e- 
separated l G /(^-^(X)^/. 
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Let If{X)u denote the subspace of Ii{X)u consisting of e-separated elements. 
Then If{X)ij is given a PAM structure by regarding € {If(X)ij)'^ as a 

summable pair if it is so as a pair of elements in Ii{X)u and the sum ^ + rj 
taken there is in Il{X)u . We define 

P^{X)u = C{R^-\lKX)u), 

then define 

In{X) = {(e,£,s) I < £ < 1, S > 0, C e P^{X)s} 

with the topology considered as the subspace of /„(X)oo x (0, 1] x [0, oo). A 
PAM structure on In{X) is defined so that (,^,e, s) and {r],T,t) are summable 
if and only if e = t, s = t and r/) is a summable pair. 

Lemma 3.5 We have a weak homotopy equivalence In{X) c^w In{X) ■ 

Proof Since any homeomorphism M (0, oo) induces a homeomorphism 
In{X)oo, it suffices to show that In{X) ~^ In{X)^. Note that we 
can embed I^{X)s into /„(X)oo using the inclusion (0, s) C (0, cxo). Under this 
identification, let p: In{X) In{X)^ denote the map which assigns ^ to each 
s). Then : 'nk{In{X)) 'i^k(.In{X)oo) is an isomorphism for all A; > 0. 
Indeed, for any map f : ^ In{X)oo, there exist e and s such that Imf is 
contained in I^{X)s since S'' is compact. This proves that is surjective. On 
the other hand, let : S'^ x I ^ /„(X)oo be a homotopy between Hq = po f 
and Hi = p o g. Since x I is compact, we can restrict the codomain of H 
to I^{X)s for some e and s. This proves that is injective. □ 

Now we proceed to construct another modification of which models, as 

we shall see later, the Moore path space PC(]R"^^, EX) . Let s be a positive 
number, or s = oo. For any element J = {u,v,p,q) G I, we put —J = 
{—V, —u, —q, —p) G I. Then we have an involution on 5) by setting 

(-1) ■ ((Jl,Xl),. .. ,(Jfe,Xfe)) = ((-Jfe,Xfe),. . .,{-Jl,Xl)), 

which induces an involution on Ii{X)(^_s g-^ . We denote by Ei{X)s , the subspace 

of invariant under the involution. Note that Ei{X)s has a PAM 

structure induced by that of Ii{X)^_g^gy, we define En{X)s = C{M.'^~^ , Ei{X)s)- 
Since the involution on Ii{X)(^_g g^ restricts to an involution on /^(X)^.^ , we 
can define Ef{X)s and E^{X)s = C{W-^,Ef{X)s) similarly. Now we define, 

En{X) = {(e,e,s) I < £ < l,s > 0,^ G Ef,{X)s}, 
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with the topology considered as a subset of £'„(X) x (0,1] x [0,cx)). A PAM 
structure on £'„(X) is defined so that e, s) and (ry, r, t) are summable if and 
only if £ = T, s = t and rj) is a summable pair. 

Any element of Ei (X) have a representative of the form 

{i-Jk,Xk),-- ■ , (-Jl,Xi), {Jl,Xi), (Jfc,Xfc)) G I{2k)iX)(-s,s) 

for some s > 0. 

It is useful to denote this representative by m((Ji,xi), . . . , {Jk,Xk))- 
Lemma 3.6 We have a weak homotopy equivalence En{X) c^yj *. 



Proof We can prove that En{X) En{X) in a similar way to the proof of 
Lemma [3.51 So, by Lemma f2.5l it suffices to show that Ei{X) is homotopy 
equivalent to {0} via PAM homomorphisms. Since Ei{X) is homeomorphic to 
Ei{X)s for any s > 0, we prove that Ei(X)i ~ {0} via PAM homomorphisms. 
Let hf-. (—1, 1) — >■ (—1, 1) (0 < t < 1) denote the homotopy defined by: 



ht{u) 



u — t if u > t 
if \u\ < t 
u + t ii u < —t 



Then the contracting homotopy Ht'. Ei{X)i Ei[X)i is defined as follows. 
For ^ G we take a representative 

m{{Ji,xi), {Jk,Xk)) G /(2fc)(-'^){-i,i)- 

Then Ht: Ei{X)i Ei{X)i is defined by setting Ht{S,) as the class repre- 
sented by 

m{{ht{Jr),Xr), . . . , (,ht{Jk),Xk)) G /(2(fc-r+l))(-'^)(-l,l)' 

where r is the least integer among i > such that r(Jj) > t and ht{Ji) denotes 
the element {ht{l{Ji)).,ht{r{Ji)),pL{Ji)-,PR{Ji)) G X. It is straightforward to 
show that Ht is the desired contracting homotopy. □ 



Consider the map I(^k){X)s -^(fe)(^)(-s,s) given by 

{{Jl,Xl), {Jk,Xk)) ^ {{-Jk,Xk), . . . , (-Jl,Xl), {Jl,Xl), {Jk,Xk)). 

These maps for all k induce a map Ii{X)s — > Ei{X)s, which restricts to a 
map Ii{X)s — > Ef{X)s. Thus we have an embedding i: In{X) En{X). We 
regard In{X) as the subspace of En{X) via this embedding. 
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4 The map a: In{X) QC{W'-\j:X) and the proof 
of Theorem 11.11 

We first construct a map a: In{X) — > J1C(M"'~^, SX) . Let ^ be an element of 
/f (X)s and ((Ji, xi), . . . , {Jk,Xk)) € denote the reduced representative 

of ^. Let U2i-i = l{Ji),U2i = r{Ji),p2i-i = PiiJi) and p2i = PR{Ji)- Then we 
define Ni C [0, s] (z = 1, . . . , 2k) as 

Ni = [ui - e/2, Min {ui + e/2, U2 - e/2)] , 

Ni = [Max {ui - e/2, Ui^i + e/2) , Min (uj + e/2, u^+i - e/2)] , for 1 < i < 2k, 

and N2k = [Max (uafc - e/2, U2k-i + e/2) , U2k + e/2] . 

Lemma 4.1 There exists a map f: [0,s]-> S'^ AX such that 

(1) f{t) = [Pi(^ + ^^)] AX[»±ip iff G Ni, where [^] denotes the largest 
integer which does not exceed ^ , 

(2) / is piecewise constant outside IJi=i ^^d. 

(3) /(O) = /(s) = *, the base point of A X . 

Proof First of all, Ni^s are non-empty. The only problem is to show that 
+ e/2 < Uj+i — e/2. However, at least two of three points located at 
Ui-i, Ui and Uj+i should have the same parity. Hence we have Ui+i — Ui-i > e 
by (2) of Definition 13.41 Since we took the reduced representative of ^, it also 
follows that Ni 's are intervals such that A^i < • • • < N2k ■ 

By the definition of TV^'s, Ni n iVi+i / only if r{Ni) = l{Ni+i) i.e. Ui+i - 
Ui = e. So suppose Uj+i — Ui = e. If z is even, then we have f{r{Ni)) = 
f{l{Ni+i)) = * G A X . On the other hand, if i is odd, then we have 
f {r{Ni)) = f{l{Ni+i)) = A . Thus / is well-defined on Ufeti ^^i- 

Next, we show that / : Ufe=i Ni —>■ A X can be extended to [0, s] so that 
it is piecewise constant outside Uj=i ^i- To show this, it suffices to show that 
f{r{Ni)) = /(/(iVj+i)) even for Ui+i -Ui ^ e. If Ui+i - Ui > e, f{r{Ni)) = 
f{l{Ni^i)) follows by the same argument as above. Suppose Uj+i — Ui < e. By 
(2) of Definition 13.41 we have pi = — Pi+i- We also have Xji+ij = x^i±2^, by (3) 
of Definition 13.41 if i is even. Now a direct calculation shows that f{r{Ni)) = 

Finally /(O) = /(s) = * since, by (1) of Definition 031 we have l{Ni) > and 
r{N2k)<s. □ 
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By setting a^^) = / , we obtain a PAM homomorphism 

where ilg is the "loops of length s" functor defined in 33 Then we define a map 
a: — > QT,X by ((^,e,s) i-^ aKC)) which is also a PAM homomorphism. 
Now we define a map a: In{X) r2C(M"'~^, SX) by the composite 

In{X) ^ C{W-^Ji{X)) C7(]R"-i,f)SX) ^ J7C7(IR"-\SX). 

where the first map is defined similarly to the map given in the proof of Lemma 
12.51 and the last map is the one given in the end of 

Next, we construct a map p: En{X) —> C(M"'~^, SX) . We define 

a\.s,sy niX)(-s,s) ^ Map((-s,5);SX) 

similarly to the definition of . Let Pg denote the composite 

EliX), ^ lKX)i-s,s) "^''^ Map((-s,s);SX) ^ SX, 
where eo denotes the evaluation at G (— s,s). The map induces a map 

p: En{X)^C{W'-\^X), 

which is surjective. 

Remark By definition, a configuration p{^, e, s) € C(]R"'"^, SX) has a particle 
located at ?; S M"^^ with non-trivial label in X if and only if the configuration 
^ G E^{X)s = C , El{X) s) has a particle located at v labelled by some 
i = [m(( Ji, xi), . . . , ( Jfc, Xfc))] G £^1 (X)s such that /( Ji) < e. Thus the fiber of 
p at G C(M"-\SX) is 7„(X). 

Proposition 4.2 The sequence 7„(X) A ^„(X) ^ C(M"-i,SX) is a quasi- 
Rbration. 

Proof of Proposition 14.21 is given in the next section. 

Proof of Theorem 1 We define /?: KiX) PC(M"-\SX) by 

/3{C,e,s) = a(_s,s)(OI[o,s]- 
By the definition of a and /? the following diagram is commutative. 

In{X) En{X) C(R"-i,SX) 
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where the lower horizontal row is the path-loop fibration on C(M''-\SX). 
Since /? is a weak homotopy equivalence by Lemma 13.61 so is a. Now the 
theorem follows from the Segal's theorem 8_ since Y^X is path-connected. □ 

5 Proof of Proposition 14.21 

Before stating the proof of Proposition 14.21 we need some observations on the 
filtration. 

Definition 5.1 Let M be a PAM and A a closed sub-PAM of M. The 
filtration on C(M"',M) associated to A is 

FfC{W\M) = {[{vuai),...,{vk,ak)] \ #{i\ai ^ A} < j} (j > 0). 

Example 5.2 We have "the number of points" filtration on C{W^^^ ,T,X) 
defined by 

This coincides with F/C(M"-\SX) if we put A = *. 

Example 5.3 Let A^ denote the closed sub-PAM of Ef{X)s given by 

A', = {[m{{Ji,xi), . . . ,{Jk,Xk))] e Ef{X)s I /(Ji) >e/2}. 

Then we have a filtration Ff'^C(W'-\El{X)s) on Ef,{X)s=C(W'~\ Ef{X)s). 
Using this filtration, we get a filtration on En{X) by setting 

F,En{X) = {{C,e,s) I e G FfEUX)s} . 

Example 5.4 Let A^ be as the above example. Then a closed sub-PAM A of 
Ei{X) can be given by 

A = {{^,e,s)eEi{X) l^eAl}. 
Then we have a filtration Fj^C(M"-^ ^i(X)). 

Remark By the reason explained in the Remark in SQJ we see that the pro- 
jection map p: En{X) — > C{W^~^,'EX) defined in ^preserves the filtra- 
tions given in Example 15.21 and Example 15.31 in the sense that FjEn{X) = 
p-iFjC(M"-\SX). 
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Lemma 5.5 Let A be a closed sub-PAM of M . Suppose that there exists a 
mapu: A [0, 1] such that u~^{0) = A. Suppose also that {M-A)x{M-A)n 
M2 = and / : M ^ N is a function which preserves partial sums, continuous 
on A and M- A. Then the induced function C{id, /) : C(M", M) C(M", A^) 
is continuous on F/C(M", M) - Ff_^C{R'^, M) for any j . 

Proof Let vr: ]J zit\M) C(M",M) denote the projection. By the defi- 

nition of quotient topology, it suffices to show that {id x /)^ is continuous on 
7r-i(F/C(M",M) - FjiiC(M",M)) C LJfc>o ^^*'^^) • To do this, we express 
7r-i(F/C(M",M) - FjiiC(M",M)) as a disjoint union 

U [ (J Zi'^ (M) n a{{M - AY X A'^-^) ) 

where [a] runs over the congruence class in T^k/^j x Sfc-j and a G acts on 

by permutation. Then we see that it suffices to show that : — > 
is continuous on U[o-](t((M — Ay x A^~^). By the hypothesis, is continuous 
on each a{{M — A)^ x A'^^^) . As we shah show below, each a{{M — Ay x A''~^) 
is open in U[o-]0"((M — Ay x A^~^) and the lemma follows. 

To show that a{{M — Ay x A''^^) is open, we set 

Z = {(ai, ... ,ak) I Max{M(aj) \ i > j} < Mm{u{ai) \ i < j}} C A^. 

Then Z is an open neighborhood of (M - Ay x A^~^ such that aZ n a'Z = 
if [a] ^ [a'] in Hfe/Sj x J^k-j- □ 

Now we prove Proposition 14.21 The proof reduces to two lemmas below. (We 
use May's form of the Dold-Thom criterion for a quasifibration Our 
proof is similar to the argument given in §4 of ^ , but we present the proof here 
since the construction of maps and homotopies are special to our setting and 
not obvious. Recall that a subset V of C(M"~^, SX) is said to be distinguished 
if p: p^^V — > y is a quasifibration. 

Lemma 5.6 Any open set V C FjC(lR"-\SX) - Fj_iC(]R"^\ SX) is dis- 
tinguished. 

Proof We show that p~^iV) ~ 1/ x I„{X) for any open set V C FjC{W-^, 
EX) - Fj_iC(R"-\ SX) . Firstly, we construct a map (p: p-^V In{X) . 
Suppose ^ is an element of El{X)s represented by m{{Ji,xi), . . . , {Jk,Xk)) G 
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/^2fc)(^)(-s,s) • Let Tf denote the translation of intervals by t. Then we define 
a function (^^ : Ef{X)s If{X)s+2e by 

[T2,((Ji,xi),...,(Jfc,Xfc))] if Z(Ji) >e/2 

[{K,xi),T2e{{Ji,xi),...,{Jk,Xk)] if /(Ji) <e/2 

where K = {e — l{Ji), 2e — l{Ji), —1, —Pl{Ji))- Note that the definition of (^^ 
does not depend on the choice of the representative of ^ . Since is continuous 
on Al and Ef{X)s — A^, the induced function (/?: E^{X)s In{X)s+2e is 
continuous on F^" E^{X)s — F^J-^E!f^{X)s by Lemma 15.51 Moreover induces 

a function (p: Ei{X) Ii{X) , which is continuous on A and Ei{X) — A. By 
Lemma 15.51 a function 

C(id„n-i,^): CiR^-\Ei{X)) ^ C(M"-\7i(X)) 

is continuous on FfC{W~^, Ei{X)) - Ff_^C{W^'^, Ei{X)) . Note that 

can be embedded into C{W"'^^ , Ei{X)) by the correspondence 

{{(.Vi,^i)}i,e,s) ^ [{{vi,{^i,e,s))}i], 

where Vi € W^~^ and G Similarly, we can embed In{X) into 

C(M"~-^,/i(X)). Then we can restrict C(i(i]Kn-i , ^) to a function ip: En{X) 
In{X) , which is continuous on FjEn{X) — Fj-iEn{X) . 

Secondly we construct a map ip: V In{X) p~^V . Suppose y = [t] A x G 
AX where x e X, t e [-1, 1] and [t] e = [-1, 1]/±1. We define a map 

s': ^ If (X)(_2s,2e) by 

s%y) = [m{L,x)] = [(-L,x),(L,x)], 

where L = (it|e/2, (jt[/2 + 1) 1) . Here, if t / 0, we put p = -t/\t\ 
while if t = we may put either p = +1 or — 1 since s{y) can be repre- 
sented by one labelled interval lying over the origin € M. Now suppose 
V = [(ci, yi), . . . , {cj,yj)] G V and yi G EX. We define a map o"^ : F — > p~^V 
by 

a^(v) = [(ci,s^(yi)),...,(cj,s^(yj))]. 
Then V x 7„(X) p~^V is defined by 

i;iv,i(,e,s)) = {a%v)+m{T2sm,e,s + 2e). 

Next we show that ipo^pxip): p~^V p~^V is homotopic to idp-iy . Observe 
that ijj o {p X Lp) is induced by the function <I>^ : El{X)s — > -Ef (X)s+4£ defined 

by 

S,^(F\ = l ["^(r4e((Jl,Xl),...,(Jfc,Xfc))) ] if/(Ji)>e/2 

'^^> \ [m((L,xi),r2,(i^,xi),T4,((Ji,xi),...,(Jfc,Xfc))) ] if/(Ji)<e/2 
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where K = {s- l{Ji),2e - l{Ji), -1, -pl{Ji)) , L = (/(Ji), l{Ji) +e,pLiJi), 1) . 
A homotopy V-'o (p x 99) ~ idp-iy is induced by a deformation of to idEf(^x)s 
in Ei{X) , where Ef{X)s is regarded as a subspace of Ei{X) by the correspon- 
dence ^ 1-^ s). This deformation is given by a function 

H: El{X), X I ^ Ei{X) 

which coincides with on Ef{X)s x and is the identity on Ef{X)s x 1. 
Intuitively, the essential task of this homotopy (on the right hand side of the 
origin) is that 

(1) Push T2e{K) and T4s{{Ji), ■ ■ ■ , (Jk)) to the left until T^K) meets L. 
Then T^:{K,xi) and {L,xi) are merged. 

(2) Push r*(Ji,..., Jfc) to the left until T*/(Ji) meets LU%{K). Then 
r*/(Ji,a;i) and {L UT^,{K),xi) are merged. 

(3) Push the right end of L U T^K) U r*/(Ji) and r*/((J2, X2), {Jk, Xk)) 
to the left until the length of L U T^,{K) U r*/(Ji) coincides with that of 
original J\. 



More precisely, we consider a homotopy /if : [0, 00) 
by the following formulae. 



[0, 00) (0 < i < 1) given 



If < i < ^ : 



hl{u) 



u 



u 



u<i2- 4t)£ 
- 4t)e (2 - 4t)£ < n < (2 + At)e 
8te M > (2 + 4i)e 



lil<t<l: 



If i < t < 



hUu) 



3 . 

4 • 



U 

e 
u 



2t) 



u < e 

£ < u <3e 
3£ <u< ( 



l-2t) 



u-{At + 1)£ (I + 2t)e< 



I - 2t) e < u < 



;i + 2t) e 



hl{u) = <^ 



2e 
2 -2t)e 



U — ?>£ 



U < £ 

£ < U <3£ 

3e < n < (I - 2t) £ 

(I - 2t) e < u < - 2i) £ 

M > - 2i) e 
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If I < t < 1: 

' u n < (I - 2t) e 

Kiu) = \ (i-2t)e (|-2t)e<'u< (| + 2t)e 

^ u-4te n > (I + 2t) e 

Then we define H: Ei{X)^x I Ei{X) by H{^,j,s;t) = {ht^ o $f(^),e,s). 
Since H is continuous on ^ x / and Ei{X) x I — A x I , we can apply Lemma 
15.51 and get a map 

Ff''^C{W"\Ei{X) X /) - F,^^/C7(M"-\^i(X) x /) ^ C{W-\Ei{X)). 
Consider the following sequence of embeddings 

En{X) X I ^ C{W-^,Ei{X)) X I ^ C{R''-^,Ei{X) x I). 

Since these embeddings are compatible with the filtrations Fj,Ff, and Ff^^ , 
we can restrict H to {FjEn{X)—Fj^iEn{X))xI. Since this restriction map has 
its image in En{X) C C{W-^,Ei{X) x I), we obtain a map H : {FjEn{X) - 
Fj-iEn{X)) X I ^ En{X). By the definition of /if, H \s a. fibre-preserving 
map with respect to p: En{X) C(R""\SX). Thus we obtain a homotopy 
H : p^^V X / — > p~^V between -0 o (p x idp-iy . 

Finally we show that {p x (p) o ip ~ ''-^vxi (x)' suffices to show that vTj o 
(p X o ■(/) ~ TTj [i = 1,2), where vri and 7r2 are the projections onto V and 
In{X) respectively. For any y = [t] A rr G T,X,t S [— G X, we put 
t%y) = [{K,x),{L,x)] e /f(X)4,, where 

/C = ((l-|t|/2)e,(2-|tl/2)e,-l,t/|t|), 

and L = ((2 + |t|/2) e, (3 + \t\/2) e, -t/\t\, 1) . 

Suppose V = [{ci,yi),. . . ,{cj,yj)] £ V,yi = [U] A Xj G T.X,ti £ [-1,1], and 
Xi^X. We put r^(t;) = [(ci, . . . , {cj,t^yj))] G /^(X)4e. Then we have 

{{p X If) o il)){v, (^, e, s)) = (w, (t^(v) + r4£(^), e, s + 4e)) . From this formula, it 
follows that TTi o (p X if) o ^ coincides with vri . We prove 7r2 o (p x 93) o ^ ~ 7r2 
by the "push to the left argument." Consider a homotopy kt : (0, 00] — > (0, 00] 
defined by 

' u 0<u< 2e(l - t) 

kf{u) = < 2e{l-t) 2e{l - t) < u < 2e{l + t) 
[ u-Aet 2e(l +t) <u. 

Then we define K: V xIn{X) x I ^ In{X\ by K{v,i,e,s;t) = {kl{^),e,s). 
Thus we constructed a homotopy K : V x In{X) x I ^ In{X) between 112 o 
{p X (p) o ip to TT2- This completes the proof of the lemma. □ 
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Lemma 5.7 There exist an open neighborhood U of Fj_iC(M" ^,T,X) in 
FJC(M"-^EX) and homotopies hf-. U ^ U and Hti p'^U p'^U such 
that 

(1) ho = idu and hi{U) C Fj-iC{W'-\^X) , 

(2) = idp-ijj and pHf = htp for all t, and 

(3) Hi : p~^z —>■ p~^hi{z) is a homotopy equivalence for all z & U . 



Proof Let u: X ^ I and a homotopy kt'. X ^ X {Q < t < 1) represent 
(X, *) as a NDR-pair. Thus u~-'^(0) = * , A;|xxO = idx, k{*,t) = * and 
k{W,l) = *, where W = u-^[0,l). We take U C FjC(M"-\SX) to be a 
neighborhood of Fj_iC(M"'~^, SX) which consists of elements represented by 
((ci,yi), . . . , {cj,yj)) such that there exist one or more i with \ti\ > ^ or Xj G 
W, where yi = Ax^ . We define a homotopy : [—1, 1] [—1, 1], (0 < t < 1) 

by 



-1 -1 < u < I - 1 
|« t_i<^<i_| 

1 l-§ <n< 1. 



Then we can define a homotopy ht'. U ^ U by 

[(ci,ti A xi), {cj,tj A Xj)] ^ [{ci,ht{ti) A kt{xi)), {cj,ht{tj) A kt{xj))]. 
Note that ho = idu and hi{U) C Fj_iC(M"-\ SX) . 

Next we construct a homotopy Ht: p~^U p~^U which covers hf. Let 
Hf-. (0,1] —)■ (0,1] denote the homotopy defined by H[{u) = (l — |) u and 
Kt = En{kt) : En{X) En{X) . Then we can define a homotopy Ht : p'^U 
p'^U by (C,e,s) 1-^ {Kt{^),Ht{e),s). It is straightforward to check that Hq = 
idp-iif and pHt = htp for all t. 

To show that Hi : p~^z — > p~^hi{z) is a homotopy equivalence for all z G U , a 
homotopy inverse map G: p~^hi{z) — > p~^z is defined as follows: Suppose 
z = [{ci,yi),...,{cj,yj)] e U and yi = ti A Xi e SX. We put 5^(2/) = 
[m{K,x)] € -Ef(X)2£, where K = {\t\e/2,{2 - \t\)e, -t/\t\,t/\t\), then we put 
7-(z) = [(ci,<7^(yi)),...,(c,,/(yfc))] € E„(X). Now G: p-^hi{z) ^ p-^z is 
defined by G{[^, e, s]) = (Yi^) + ^2£(C)) ^5 s + 2£) , where T2s{^) is understood 
to be an element of En{X) given by translation 2e on the right and —2e on 
the left; this construction is ambiguous and not continuous as it is, but G is 
well-defined and continuous by virtue of the insertion of 7"^ (^) . A proof that G 
is the homotopy inverse of Hi: p~^z p~^hi{z) is again by the "push to the 
left" argument. □ 
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